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In this paper we investigate block designs with repeated blocks and parameters 
a, k; b, r, h satisfying (b, r, A) = 1. These designs cannot be constructed by 
taking a number of identical copies of a smaller design. Several construction 
methods of such designs are given and we discuss those constructions of Hanani 
which yield such designs. Tables for v  < 22 are included. 
1. INTRODUCTION 
Let X = {x1 , x2 ,..., x,, 1 denote a u-set (a set of 0 elements) and let 
Xl , x2 ,..., X, denote b not necessarily distinct subsets of X. These subsets 
or blocks of the set X of varieties are called a block design provided that 
they satisfy the following requirements: 
Each 2-subset of X is a subset of exactly h of 
the sets X, , X, ,..., X, . (1.1) 
Each Xi is a k-subset of X. U-2) 
The integers v, k, and h satisfy 0 < h and k < v - 1. (1.3) 
If (1.3) is not satisfied we shall also speak of a block design which we then 
call degenerate. 
It is elementary to verify that each variety is replicated in exactly r of 
the blocks. Moreover, the five integer parameters b, u, r, k, and h of the 
block design satisfy 
bk = vr (1.4) 
and 
r(k - 1) = h(v - 1). (1.5) 
Let A denote the incidence matrix of blocks versus varieties. Thus A is 
a (0, I)-matrix of size b by v that satisfies the matrix equations 
ATA =(r--A)I+hJ (1.6) 
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and 
A&.., l)T = k(l,..., 1)T. (1.7) 
In (1.6) and (1.7) the superscript T denotes transpose, Z is the identity 
matrix of order a, and .Z is the matrix of l’s of order U. Indeed, equations 
(1.6) and (1.7) are equivalent to postulates (1.1) and (1.2), respectively. We 
shall describe block designs by their incidence matrices and from now on 
we shall generally not even distinguish between the design and the matrix. 
We are interested in block designs in which at least one block is re- 
peated two or more times, i.e., at least two of the subsets Xi mentioned 
above are identical. If the block design has t distinct blocks and if 
e, , e2 ,..., e, denote the frequencies with which these blocks occur in the 
block design we order these in such a way that 
Block designs with repeated blocks were studied by H. J. Ryser and 
J. H. van Lint in a recent paper ([3]). It was shown that, with the conven- 
tion (1.8), the following relations hold: 
and, 
e, < b/v = r/k (l-9) 
if e, = b/v, then e, j(b, r, X), (1.10) 
where (b, r, X) denotes the greatest common divisor of b, r, and X. 
In [3] infinite classes of block designs with repeated blocks were con- 
structed. Among the constructed designs there were only two with the 
property (b, r, A) = 1. In some respect these designs are the most inter- 
esting because their parameters exclude the possibility of constructing 
them by taking a number of copies of a smaller design. (Of course this 
method of construction is also excluded, even if (b, r, X) > 1, if the non- 
existence of the smaller design is known. We shall not consider this in this 
paper.) The purpose of this paper is to study (known and new) methods 
of constructing block designs with the properties 
h>e,>,2 and (b,r,X) = 1. (1.11) 
If, in the incidence matrix of a block design, we replace all O’s by l’s and 
all l’s by O’s we obtain the incidence matrix of another block design (the 
complement). Therefore we can restrict the discussion to block designs 
with 
k < iv. (1.12) 
sS2abs/3-4 
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Since we require that (b, r, h) = 1 it follows from (1.9) and (1.10) that 
b > 2v and r > 2k. (1.13) 
It follows from (1.4) and (1.5) that 
b = dv - ‘) h D - 1 
k(k-1) ’ 
r=-----A, 
k-l 
h = A. (1.14) 
If we require that (b, r, h) = 1 then for a given pair v, k we must choose 
for h in (1.14) the smallest integer for which the two quotients are both 
integers. If this smallest integer h is 1 then the block design has no re- 
peated blocks. This immediately excludes the possibility k = 2. We shall 
now prove that v = 2k and v = 2k + 1 are both excluded by (1.13). First 
assume u = 2k. Since (k - 1, 2k - 1) = 1 we find from (1.14) that 
h = k - 1 and r = 2k - 1 which contradicts (1.13). Next, assume 
v = 2k + 1. Then from (1.14) we find that h = k - 1 or 2X = k - 1, 
i.e., r = 2k or r = k. Both possibilities contradict (1.13). 
At this point we have shown that our search for block designs with 
repeated blocks and (b, r, h) = 1 can be restricted to 
v 3 8, 3<k<&v-1. (1.15) 
From now on we shall list the parameters of a block design as follows: 
@A k; b, r, 4. 
Table I contains all such parameter sets satisfying (1.11) to (1.15) and 
v < 22. 
Remark. If we had made a table of this type according to increasing 
values of b < 80 we would have had 20 parameter sets which also occur 
in Table I and furthermore (28, 12; 63, 27, 11), (26, 6; 65, 15, 3), 
(26, 10; 65, 25, 9), (24, 8; 69, 23, 7), (25, 8; 75, 24, 7). The only parameter 
sets satisfying (1.11) to (1.15) and r < 15 which are not in Table I are 
(26, 6; 65, 15, 3) and (31, 5; 93, 15, 2). 
NOTATION. In the rest of this paper we shall use BD(v, k; b, r, A) to 
denote any block design with the specified parameters. For special exam- 
ples we refer to Table 1 in M. Hall’s “Combinatorial Theory” [l]. A 
block design with number i in this table will be denoted by: (Hall i). We do 
not wish to repeat the expression “block design with repeated blocks and 
(b, r, h) = 1” continuously and therefore we introduce the abbreviation 
PRD (= primitive repetition design). Any PRD which has a parameter set 
with number i in our Table I will be referred to as a PRD i. 
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TABLE I 
No. v  k b,r, A No. v  k b, r, X No. v  k b, r, h 
1 8 3 f-6,21,6 17 16 7 80,35,14 33 19 8 171,72,28 
2 10 3 30,9,2 18 17 3 136,24,3 34 20 3 380,57,6 
3 11 3 55,15,3 19 4 68, 16,3 35 4 95, 19, 3 
4 4 55,20, 6 20 5 68,20,5 36 5 76, 19,4 
5 12 3 44,11,2 21 6 136,48,15 37 6 190,57,15 
6 4 33,11,3 22 7 136,56,21 38 7 380, 133,42 
7 5 132,55,20 23 18 3 102, 17,2 39 8 95,38,14 
8 13 5 39,15,5 24 4 153,34,6 40 9 380,171,72 
9 14 3 182, 39,6 25 5 306,85,20 41 21 4 105,20,3 
10 4 91,26,6 26 6 51,17,5 42 8 105,40,14 
11 5 182,65,20 27 7 306,119,42 43 22 3 154,21,2 
12 6 91,39, 15 28 8 153,68,28 44 4 77, 14,2 
13 15 4 105,28,6 29 19 4 57, 12,2 45 5 462,105,20 
14 6 35, 14,5 30 5 171,45,10 46 6 77,21,5 
15 16 3 80,15,2 31 6 57, 18,5 47 9 154,63,24 
16 5 48, 15,4 32 7 57,21,7 48 10 77,35,15 
In the next sections we describe constructions of PRD’s. We shall make 
use of known methods of constructing block designs with e, = 1. We shall 
follow closely Chapter 15 of [1 ] and we assume that the reader is familiar 
with this chapter and the notations used there. Also we do not repeat 
definitions here and refer the reader to [l] for such concepts as transversal 
system T,(m, t) and centrally resolvable design B,(k, A, v). Examples of our 
notation are: 
(i) PG(2, 3) = B,(4, 1, 13) = BD(13, 4; 13, 4, 1) = (Hall 3) 
(ii) design (4.12) in [3] is a BD(8, 3; 56, 21,6) = PRD 1. 
As usual we use J to denote the matrix of l’s of a specified size and I to 
denote the identity matrix. If J is of order v then J - I is the incidence 
matrix of a degenerate BD(v, v - 1; v, v - 1, v - 2). One other notation 
will turn out to be convenient later. Let X, = {a,, a, ,..., ak} be a block of 
a block design a’. The set of all (k - 1)-subsets of Xi will be denoted by 
ax, . If we apply a to every block of a design 9 we obtain a design which 
will be denoted by &%. So we have 
aBD(v, k; b, r, A) = BD(v, k - 1; bk, r(k - I), h(k - 2)). (1.16) 
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An example is the block design consisting of all 3-subsets of an g-set 
which is a (Hall 13). This design has the same parameters as a PRD 1 but 
it has no repeated blocks. 
2. GENERAL CONSTRUCTION METHODS 
We shall discuss methods of construction in the same order as in 
Chapter 15 of [I]. In our generalizations of direct methods we often make 
use of block designs with h = 1. 
The Hanani Constructions 
In [2] H. Hanani proved that the conditions (1.4) and (1.5) are sufficient 
for the existence of a block design BD(u, k; b, r, h) if k = 3 or 4. A careful1 
analysis of his recursive methods shows that nearly all the designs with 
X > 1 which he constructs have repeated blocks. In fact if we adopt a 
definition of block designs in which blocks may not be repeated (cf. [5, 
Chapter 81) then it is not known whether (1.4) and (1.5) are sufficient. For 
a detailed description of the recursive methods we refer to [l, $15.2 and 
915.41 or [2]. We shall just briefly review the general principles. 
One of the elements used in Hanani’s constructions is a generalization 
of the concept of block design in which k is replaced by a set K and (1.2) is 
replaced by: 
For each Xi there is a ki E K such that Xi is a ki-subset of X. (1.2) 
For such a generalized design we use the notation BD’(u, K; 6, r, h) and 
as in [l] and [2] we write u E B(K, A) if a BD’(q K; b, r, A) exists. One of 
the main ideas in the recursive methods is the use of substitution as in 
(1.16). If we take each block Xi of a BD’(q K, b, r, h,) and on the elements 
of Xi construct a BD(ki , k; bi , ri . h,) we obtain a BD(u, k; b’, r’, A,&). 
The first main construction [I, Theorem 15.2.41 yields centrally resolvable 
designs by combining substitution with deleting of blocks and bordering. 
Since a centrally resolvable design has e, = h this method can work only 
if b/v > h (by (1.9) and (1.10)). In Table I the only case in which k > 4 
and b/v > h is number 45. The second main principle of Hanani is the 
substitution of block designs for the transversals of a transversal system 
T,(s, t). For our purposes this method works if one of the substituted 
designs has repeated blocks. 
By an analysis of Hanani’s proof we find the following designs: 
k=3 
(i) u = 0 or 4 (mod 6) and u > 10 [l, Lemmas 15.4.1 and 15.4.41. For 
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- 1 = x~~, xt, -xt = Yt, xt - 1 = x2t and 1 - xt = x~~. The final block 
also yields the mixed differences with cc three times. 
EXAMPLE. 
Taking t = 3 in theorem 5 we find a PRD 35. 
This design is not equivalent to (2.8). 
(2.45) 
Remark. If we try to generalize [l, Theorem (15.3.14)] in the same 
way for even t we always find a block design of type (2.22). 
The block designs of Theorems 2 to 5 are all of the form (2.22) where 
now GZ and g are both cyclic configurations but not necessarily block 
designs. An analysis of the parameter sets shows that a PRD i with i < 25 
of this type is only possible if i = 1, 5, 6, 9, 10, 11, 12, 23, 24 or 25. 
Examples have been given in (2.23) (2.25), (2.26), (2.27) (2.30) to (2.44) of 
all these values except i = 5, i = 6, and i = 25. It is easily checked by 
hand that a PRD 5 or a PRD 6 cannot be of this type. The Theorems 2 to 
5 do not provide us with an example of a PRD 25 but we now show that it 
does exist. 
EXAMPLE. IA 
a = (P, 1,2, 81, LO, 1,4,91, P, 1,4, 141, P, 1,9, 121, LO, 2,4, 6lmod 17) 
and 
SY = ([0, 1,3, 11, 131, [0, 1,2,4,812, [0, 1,4,9, 1213, [O, 1,4, 6, ll]“mod 17). 
The cyclic configurations IY and g are not block designs but 
[j, Q& 0, S?] = PRD 25. (2.46) 
Splitting and Enlarging 
In the next construction method we apply a to certain blocks design. We 
repeat some of the blocks and finally we border the design in a suitable 
way. The method works as follows. Divide the base blocks of a cyclic 
design BD(a, k; b, r. h) into 2 classes, namely, n, upper blocks and rz2 lower 
blocks. Then apply 8 to each of the upper blocks to obtain the base blocks 
of a cyclic configuration GY (not necessarily a block design). Next, take c1 
copies of each upper block and c2 copies of each lower block and let this 
be the set of base blocks of a cyclic configuration g (again not necessarily 
a block design). Let Ei denote a matrix of size n,v by k with column i a 
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(v) v :Z 0,5,8 or 9 (mod 12), v > 17 [2, (6.6)]. The construction uses a 
generalized block design in which at least one block of 4 elements occurs 
(except for u = 45). The substituted design is J of size 3 by 4. So in this 
case e, = h = 3. In Table I this covers the values 
u = 17,20 and 21, i.e., PRD i with i = 19,35 and 41. (2.8) 
(vi) u = 2, 3, 6 or 11 (mod 12), v > 14 [2, (6.7)]. Again a generalized 
block design is constructed in which at least one block has 4 or 5 elements. 
The substituted blocks are respectively J of size 6 by 4 and BD(5,4; 10,8,6) 
consisting of two copies of J - I of order 5. The constructed design 
therefore has a repeated block. In the proof several cases are treated 
separately, a.0. 
u = 14, i.e., PRD 10 [2, (6.7.5)], (2.9) 
u = 15, i.e., PRD 13 [2, (6.7.6)], (2.10) 
v = 18, i.e., PRD 24 [2, (6.7.7)], (2.11) 
v = 23, the constructed design has no repeated blocks. 
Altogether (iv), (v), and (vi) cover the case k = 4 with the exception of 
v= 12,v=23andv=45. 
k=S 
In this case Hanani’s methods do not cover all possibilities. It is inter- 
esting to note that the final theorem in [2] depends on the possibility of 
constructing a number of centrally resolvable designs with k = h = 5, the 
smallest having v = 21 which is also the smallest value which does not 
automatically contradict (1.9). In a series of special constructions in [2] we 
find the following designs relevant to Table I: 
ZI = 12, i.e., PRD 7 [2, (7.12.4)], (2.12) 
u = 14, i.e., PRD 11 [2, (7.12.6)], (2.13) 
u = 18, i.e., PRD 25 [2, (7.12.8)], (2.14) 
v = 22, i.e., PRD 45 [2, (7.12.10)], (2.15) 
all of them having e, = 2. 
Substitution 
A much simpler form of substitution than the one used in the Hanani 
constructions can lead to very interesting PRD’s. In a BD(v, k; 6, r, A) we 
replace every block by a BD(k, I; b’, r’, X’) thus obtaining a 
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BD(u, 1; bb’, rr’, hh’). The block designs which are substituted can be 
chosen in such a way that a varying number of repeated blocks is obtained, 
as we shall show by examples below. First we mention the simplest 
substitution of all, namely, the operator a introduced in (1.16). Within 
the range of our Table I we have 3 examples. Assume that we have con- 
structions for a PRD 26, PRD 35 (cf. (2.8)), and a PRD 46. Then 
a(PRD 26) = PRD 25, 
a(PRD 35) = PRD 34, 
B(PRD 46) = PRD 45. 
(2.16) 
Consider J - I of order 8. Each block is a 7-set on which we can construct 
PG(2,2). This can be done in several ways. A fixed 3-set occurs in 5 blocks 
of J - I. For each of these we can take this 3-set to be one of the blocks of 
PG(2, 2). We obtain a 
BD(8, 3; 56,21, 6) = PRD 1 with e, = 5. (2.17) 
This design is not equivalent to the PRD 1 constructed in [3, (4.12)] which 
had e, = 6. By choosing the designs PG(2,2) differently we can obtain, 
e.g., e, = 3. 
Within the range of Table I the following examples of this method can 
be found: 
(i) Substitute (Hall 5) in J - Zof order 12 to obtain several 
PRD 7 all with e, < 7. (2.18) 
(ii) Substitute (Hall 30) in J - Z of order 20 to obtain several 
PRD 40 all with e, < 10. (2.19) 
(iii) Substitute PG(2,4) = (Hall 7) in J - Z of order 22 to obtain 
several PRD 45 with e, < 17. (2.20) 
(iv) More complicated than the previous 3 examples is this final one in 
which we start from the residual of (Hall 72) which is omitted in 
Table 1 of [I]. This is a BD(14, 7; 26, 13, 6). There are pairs of 
blocks having 3 varieties in common. By substituting PG(2, 2) for 
each block in a suitable way we can obtain a block design with 
repeated blocks, namely, a PRD 9 with e, = 2. (2.21) 
Combining Designs 
Another simple method which sometimes leads to results is the follow- 
ing: Let h’ = h(k - 2)(u - 2) and x” = h - x’. Suppose we can con- 
struct the designs fl = BD(u - 1, k - 1; r, h, h’) and 
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where at least one of these has repeated blocks (perhaps in a 
trivial manner). Then consider the design 
(2.22) 
in which the first column has 1’s in front of a and O’s in front of 9. This 
is clearly a block design with repeated blocks and parameters (v, k; b, r, A). 
We list the examples in the range of Table I where the method works. 
EXAMPLE. Let GE be the design BD(7, 2; 21, 6, 1) formed by taking all 
2-subsets of a 7-set and let a = BD(7, 3; 35, 15, 5) consist of 5 copies of 
PG(2, 2). We shall write this as g = PG(2, 2)5. Then 
[j, a; 0, SY] = BD(8, 3; 56,21, 6) = PRD 1. (2.23) 
This design has the same parameters as the design (4.12) in [3] but that 
example had only one repeated block and e, = 6 whereas (2.23) has 
el = - = e2 = 5. This design can also be obtained as in (2.17). 
EXAMPLES: 
(a) a = BD(l1, 4; 55, 20, 6), e.g., the PRD 4 we construct in (2.37). Let 
SY consist of 7 copies of (Hall 5) which we shall write as (Hall 5)‘. Then 
[j, a, 0, S?] = PRD 7. (2.24) 
@I [j, (Hall 9); 0, PG(2, 3)5] = PRD 10. (2.25) 
(4 [j, (Hall 3)5; 0, (Hall 93)3] = PRD 11. (2.26) 
In (2.26) every block is a repeated block! We remark that here (and in 
(2.27)) instead of (Hall 93) we can use a PRD 8 (cf. (3.2)). The two designs 
are not equivalent. 
(4 [j, (Hall 93); 0, (Hall 56)2] = PRD 12. (2.27) 
(4 [j, (Hall 83); 0, (Hall 16)3] = PRD 17. (2.28) 
In (2.28) we can replace (Hall 83) by a PRD 14 (cf. (3.4)). 
BLOCK DESIGNS 297 
(f) Let 02 be (Hall 95) or a PRD 16 if such a design exists and let 9 consist 
of 4 copies of (Hall 10) and one copy of (Hall 28) or let g consist of one 
copy of (Hall 10) and 3 copies of (Hall 28). We shall write this as 
9 = (Hall 1O)4 (Hall 28) or (Hall lO)(Hall 28)3. 
In all these cases we have 
[j, @ 0, a] = PRD 21. 
(g) [j, (Hall 1O)2 (Hall 28); 0, PRD 171 = PRD 22. 
04 [j, a(Hal1 30); 0, (Hall 30)11] = PRD 40. 
If a PRD 33 exists it can replace a(Hall30) in (2.31). 
(2.29) 
(2.30) 
(2.31) 
(9 [j, a(Hal1 7); 0, (Hall 7)17] = PRD 45. 
In (2.32) we can replace a(Hall7) by PRD 41. 
(2.32) 
If we wish to construct a PRD i by method (2.22) there are certain 
obvious constraints on the parameters. A simple calculation shows that 
the examples given above cover all i < 48 for which the construction can 
work with 2 exceptions, namely, i = 20 and i = 46. To construct a 
PRD 20 with (2.22) we need OZ = BD(16, 4; 20, 5, 1) which does not have 
a repeated block (e.g., @ = (Hall 6)). Therefore &? = BD(16, 5; 48, 14,4) 
must have a repeated block, i.e., we must take .?JY = PRD 16 which is a 
design we have not been able to construct. If it exists we have 
[j, (Hall 6); 0, PRD 16 ?] = PRD 20. (2.33) 
The other case which is open is PRD 46 for which we need 02 = (Hall 7) 
and 9 = BD(21, 6, 56, 15,4) which must have a repeated block. We 
cannot take a to be 2 copies of a BD(21, 6 28, 8,2) because that design 
does not exist! We could not find 3 by direct construction. 
Designs Described by Automorphisms 
If a design BD(a, k; b, I, h) has a group of automorphisms we can 
describe the design by giving the group and one block from each orbit 
(a base block). The method is the same as in [l, Section 15.31. If the group 
is cyclic we use the same notation as in Table 1 of [l], e.g., [0, 1, 3, 9] 
mod 13 is a design obtained by cyclic shifts of the block {x, , x1 , x3 , x9}. 
It is PG(2,3). Cyclic designs are the simplest example of block designs 
described with the aid of automorphisms but in the present study they 
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turned out to be difficult to analyze. One sequence of such designs is 
described in the following theorem: 
THEOREM 1. Let v = 12t + 4 and let A be the cyclic group oj’order L’. 
The base blocks 
[0, 3t - i, 3t + 2 + i], i = O,..., t - 1, all twice, 
[0, 5t + 1 - i, 5t + 2 + i], i = O,..., t - 1, all twice, 
P,3t+ 1,6t+21 
form a base for a BD(12t + 4, 3; (4t + 1)(12t + 4), 12t + 3, 2) in which 
2t(12t + 4) blocks are repeated twice. 
Proof. The first two series of base blocks yield all differences 
&tj(j = I,..., 6t + I) 
except for 3t + 1 twice. The final block yields 1(3t + 1) twice and 6t + 2 
twice (since 6t + 2 = -(6t + 2) mod v). 
As an example of this theorem we have: 
For t = 1 Theorem 1 yields a PRD 15. (2.34) 
We did not succeed in finding more sequences of this type. On the other 
hand it turned out to be quite simple to construct examples of cyclic 
PRD’s. We mention a few of these (not a complete list): 
(4 ([0, I, 3]*, [0, 1, 412, [0, 2, 41 mod 8) = PRD 1. (2.35) 
Observe that this PRD 1 has e, = 4. Therefore it is not equivalent to 
design (4.12) of [3] and not equivalent to (2.23). It easily is seen that a 
PRD 2 cannot have the cyclic group of order 10 as automorphism group. 
(b) ([0, 1, 312, [0, 1, 61, [0, 2, 61, [0, 3, 71 mod 11) = PRD 3. (2.36) 
(c) ([0, 1, 3, 41, [0, 1, 3, 51, [0, 1, 3, 71, [0, 1, 4, 612 mod 11) = PRD 4. 
(2.37) 
(d) ([0, 1, 21, [0, 1, 91, [0, 3, 81, [0, 2, 512, [0, 4, lOI mod 17) = PRD 18. 
(2.38) 
Design (2.38) is not equivalent to (2.3). 
(e) ([0, 2, 6, 91, [0, I, 3, 151, [0, 1, 6, lOI mod 17) = PRD 19. (2.39) 
Design (2.39) is not equivalent to (2.8). 
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We now consider designs with a group of automorphisms which leaves 
one variety fixed and is cyclic on the remaining u - 1 varieties. For this 
case we have several theorems. Again the notation is as in [l, Chapter 151. 
We start by generalizing [l, Theorem 153.41. 
THEOREM 2. Let v = 6t + 1 = p”, p a prime, t > 2. Let x be a 
primitive element in thefield GF(pn) and xzt - 1 = x8. Then the blocks 
[xi, *zt+i, +t+i ] five times for i = 0, six times for i = l,..., t - 1, 
[co, 0, xq, [co, 0, xs+t], [co, 0, xa+y 
are base blocks with respect to the additive group of GF(pn) of a 
BD(6t + 2, 3; (6t + 1)(6t + 2), 3(6t + l), 6) with e, = h = 6. 
Proof. Following the proof of [l, Theorem 15.3.41 we have the follow- 
ing differences each 6 times: 
X8+i+zt > 1 = o,..., 5, i= 1 )...) t - 1. 
These differences with i = 0 occur 5 times among the repeated blocks and 
each of them once in the last three base blocks. The last blocks also yield 
the 6 mixed differences with co. 
EXAMPLES. 
(4 Taking I = 2 in Theorem 2 we find a PRD 9 (cf. (2.4)). 
(b) Taking t = 3 in Theorem 2 we find a PRD 34. 
The next theorem is an analog to Theorem 1. 
(2.40) 
(2.41) 
THEOREM 3. Let u = 12t + 6 (t 3 1). The blocks 
[0, 3t - i, 3t + 2 + i], i = O,..., t - 1, all twice, 
[0, 5t + 1 - i, 5t + 2 + i], i = o,..., t - 1, all twice, 
LO, 3t + 1, 6t + 21, [a, 0,6t + 21 
are the base blocks with respect to the group of residues mod 12t + 5 of a 
BD(12t + 6, 3; (4t + 2)(12t + 5) 12t + 5, 2) with e, = h = 2. 
Prooj: All differences except f(3t + 1) and f(6t + 2) occur twice 
among the first two sequences of base blocks. The block [0, 3t + 1,6t + 21 
accounts for f(3t + 1) twice and +(6t + 2) once. The final block has 
difference &(6t + 2) and the mixed differences twice. 
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EXAMPLE. 
Taking t = 1 in Theorem 3 we find a PRD 23. (2.42) 
The construction of block designs with k = 4 is slightly more difficult. 
THEOREM 4. Let v = 4t + 1 = p”, p a prime, t + 2 (mod 3). Let x be 
a primitive element of the field GF(p”). The blocks 
[xi, Xt+i, X2t+i, X3t+i], once for i = 0, twice for i = I,..., t - 1, 
[co, 0, xt - 1, xt + 11, [co, 0, xt - 1, 2xt1 
are the base blocks with respect to the additive group of GF(p*) qf a 
BD(4t + 2,4; (2t + 1)(4t + I), 8t + 2, 6). 
Proof. As before it is a simple matter to check that every pure difference 
occurs 6 times and the same holds for the mixed differences with co. (See 
also [I, (15.3.15)]). 
EXAMPLES. 
(a) Taking t = 3 in Theorem 4 we find a PRD 10. 
This design is not equivalent to (2.9). 
(2.43) 
(b) Taking t = 4 in Theorem 4 we find a PRD 24. (2.44) 
Our next theorem is a generalization of [I, (15.3.14)]. 
THEOREM 5. Let v = 6t + 1 = p”, p a prime, t odd, t 3 3. Let x be a 
primitive element of GF(pn). Assume that x2t - 1 = xs where (s, t) = 1. 
Then the blocks 
[O, ps, yJ+2, Xis+4t], 
I.% 0, 1, x”l 
i = O,..., t - 1 
once if i is even, 
twice if i is odd, 
are the base blocks with respect to the additive group of GF(p*) qf a 
BD(6t + 2, 4; &(3t + 1)(6t + I), 6t + 1, 3). 
Proof. The base block [0, xj, ~j+~~, ~j+~~] yields as differences xj+lt and 
xj+s+zt (I = o,..., 5). Since we repeat only the values j = is with i odd we 
obtain all non-zero differences in GF(p”) three times except the elements 
xzt (, = o,..., 5). The final block yields these differences, namely, 1 = x0, 
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- 1 = x~~, xt, -xt = Yt, xt - 1 = x2t and 1 - xt = x~~. The final block 
also yields the mixed differences with cc three times. 
EXAMPLE. 
Taking t = 3 in theorem 5 we find a PRD 35. 
This design is not equivalent to (2.8). 
(2.45) 
Remark. If we try to generalize [l, Theorem (15.3.14)] in the same 
way for even t we always find a block design of type (2.22). 
The block designs of Theorems 2 to 5 are all of the form (2.22) where 
now GZ and g are both cyclic configurations but not necessarily block 
designs. An analysis of the parameter sets shows that a PRD i with i < 25 
of this type is only possible if i = 1, 5, 6, 9, 10, 11, 12, 23, 24 or 25. 
Examples have been given in (2.23) (2.25), (2.26), (2.27) (2.30) to (2.44) of 
all these values except i = 5, i = 6, and i = 25. It is easily checked by 
hand that a PRD 5 or a PRD 6 cannot be of this type. The Theorems 2 to 
5 do not provide us with an example of a PRD 25 but we now show that it 
does exist. 
EXAMPLE. IA 
6~ = (P, 1,2, 81, LO, 1,4,91, P, 1,4, 141, P, 1,9, 121, LO, 2,4, 6lmod 17) 
and 
SY = ([0, 1,3, 11, 131, [0, 1,2,4,812, [0, 1,4,9, 1213, [O, 1,4, 6, ll]“mod 17). 
The cyclic configurations IY and g are not block designs but 
[j, Q& 0, S?] = PRD 25. (2.46) 
Splitting and Enlarging 
In the next construction method we apply a to certain blocks design. We 
repeat some of the blocks and finally we border the design in a suitable 
way. The method works as follows. Divide the base blocks of a cyclic 
design BD(a, k; b, r. h) into 2 classes, namely, n, upper blocks and rz2 lower 
blocks. Then apply 8 to each of the upper blocks to obtain the base blocks 
of a cyclic configuration GY (not necessarily a block design). Next, take c1 
copies of each upper block and c2 copies of each lower block and let this 
be the set of base blocks of a cyclic configuration g (again not necessarily 
a block design). Let Ei denote a matrix of size n,v by k with column i a 
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column of l’s and O’s elsewhere. Let J be of size c.J by k. We consider the 
configuration with incidence matrix 
J 0. 
_____ 
El 
E2 a 
(2.47) 
Clearly all row sums of this matrix are k. Any two distinct columns among 
the first k have inner product &I. Any two columns among the last v have 
inner product c,h iff c1 + (k - 2) = c2 . The inner product of one of the 
first k columns with one of the last v columns is clearly n,(k - 1). Therefore 
(2.47) is the incidence matrix of a block design iff 
cl + (k - 2) = c2 and c,h = n,(k - 1). (2.48) 
The design (2.47) then has parameters V = k + v, K = k; 
B = n,(k + v)(k + v - 1) k-l, R = n,(k + v - I), A = c,h. 
By choosing the original BD(q k; 6, r, h) in a suitable way we obtain a 
PRD. Our first example starts with the design of [I, Theorem 153.41. 
THEOREM 6. Let v = 6t + 1 = p”, p a prime, t > 2. Let x be a 
primitive element of GF(pn). Define the cyclic con$gurations OT and SY by 
the base blocks 
for GE [x0, xzt], [x”, ~~~1, [x~~, ~~~1, 
for 33: [x0, x~~, xlt], 
[x”, x2t+P, x4t+i], i = l,..., t - I, all twice, 
(everything with respect to the additive group of GF(p”)). Then (2.47) is a 
BD(6t + 4, 3; (2t + 1)(6t + 4), 6t + 3, 2) with e, = X = 2. 
Proqf. With the notation we used to describe the method we now have 
nI = 1, n2 = t - 1, c1 = 1, c$ = 2. The conditions of (2.48) are satisfied. 
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EXAMPLES: 
(4 Taking t = 2 in Theorem 6 we find a PRD 15. (2.49) 
This design is not equivalent to (2.34). 
(b) Taking t = 3 in Theorem 6 we find a PRD 43. (2.50) 
For the next application of splitting and enlarging we start with [l, 
Theorem 15.3.51. 
THEOREM 7. Let v = 121 + 1 = p”, p a prime. Let x be a primitive 
element of GF(pn) such that x4t - 1 = x* where q is odd. Define the 
cyclic conJigurations .CZ and S? by the base blocks 
for 0?1 the four blocks a[O, x0, x4t, 9’1, 
for 93: [0, x0, x~~, A+“], 
[0, x2i, x2i+4t, x~~+*~], i = I,..., t - 1, all three times, 
(everything with respect to the additive group of GF(pn)), Then (2.47) is a 
BD(12t + 5, 4; (3t + 1)(12t + 5) 12t + 4, 3) with e, = X = 3. 
Proof We have n, = 1, n2 = t - 1, c1 = 1, c2 = 3. The conditions 
of (2.48) are satisfied. 
EXAMPLE. 
Taking t = 1 in Theorem 7 we find a PRD 19. (2.51) 
This design is not equivalent to (2.8) or (2.39). 
In the same way we construct PRD’s with k = 5 by starting from 
[I, (15.3.12)]. 
THEOREM 8. Let v = 20t + 1 = p”, p a prime. Let x be a primitive 
element of GF(p”) such that tit + 1 = xq with q odd. Define the cyclic 
configurations fl and .9I by the base blocks 
.for CPI: theJive blocks a[x”, x4t, Yt, x12t, xlGt], 
for 57: [x0, 9, xat, x12t, xlat], 
[x2i, x2i+4t, x2i+8t, x2i+16t], i = l,..., t - 1, all four times, 
(everything with respect to the additive group of GF(p”)). Then (2.47) is a 
BD(20t + 6, 5; (4t + 1)(20t + 6), 20t + 5, 4) with e, = h = 4. 
Proof We have n, = 1, n2 = t - 1, c1 = 1, c2 = 4. The conditions 
of (2.48) are satisfied. 
In the same way [I, (15.3.14)J and 11, (15.3.16)] give us 2 new theorems. 
304 VAN LINT 
THEOREM 9. Let v = 6t + 1 = p”, p a prime, t odd. Let x be a primi- 
tive element of GF(p”). Define the cyclic conjigurations Ql and g by the base 
blocks 
for GE the eight blocks a[O, xi, xzt+j, x~~+~], i= 1,2, 
jbr 9’: [0, xi, x~~+~, xltfi 
I lZtZZ%~s~o>i2~ 3,..., t - 1, 
(everything with respect to the additive group of GF(pn)). Then (2.47) is a 
BD(6t + 5, 4; (3t + 2)(6t + 5), 12t + 8, 6) with e, = A = 6. 
Proof. We have n, = 2, c1 = 1, c2 = 3. The conditions of (2.48) are 
satisfied. 
THEOREM 10. Let v = pn = 5 (mod 6). Let x be a primitive element 
of GF(pn). Define the cyclic configurations fl and B’ by the base blocks 
for ~2 the nine blocks a[xi, xi+l, x~+~], i = 0, 1, 2, 
for 22’: [xi, xi+l, xi+2], i = 3 ,..., p” - 2, 
(everything with respect to the additive group of GF(p”)). Then (2.47) is a 
BD(p” + 3,3; (p” + 3)(p” 4 2), 3(pn + 2), 6) with e, = h = 6. 
Proof. We have n, = 3, c1 = 0, c2 = 1. The conditions of (2.48) are 
satisfied. 
EXAMPLES. 
(4 Taking p” = 11 in Theorem 10 we find a PRD 9. (2.52) 
This design is not equivalent to (2.40). 
0-4 Taking p” = 17 in Theorem 10 we find a PRD 34. (2.53) 
As before we can ask the question which parameter sets in Table I could 
belong to a PRD i obtainable by splitting and enlarging as in (2.47). A 
simple calculation shows these to be i = 1, 2,9, 15, 19, 34, and 43. All but 
the first two have just occurred as examples. The two known designs 
PRD 1 [3, (4.12)] and PRD 2 [3, (4.6)] were both of type (2.47). 
We give two more theorems. In these there are 5 orbits for the varieties. 
(For notation cf. [ 1, $15.3 I). 
THEOREM 11. Let 2t + 1 ==pn,p a prime, t odd, t > 3. Let x be a 
primitive element of GF(p”). Then the blocks 
[xii, -xji, xji$ , -x;,‘: , Oi+J, i = 0 ,..., t - 1; j = l,..., 5 (mod 5), 
[0, , 0, , 0, , 0, , 0,] taken twice 
are the base blocks with respect to the additive group of GF(p”) qf a 
BD(5(2t + l), 5; (5t + 2)(2t + l), 5t + 2, 2) with e, = 2. 
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Proof. As pure differences we find i2xi (i = O,..., t - 1) and 
&2xifl (i = o,..., t - 1). Since xt = - 1 all non-zero elements of GF(p”) 
occur twice as a pure difference. As mixed differences of class j, j + 1 we 
find -J-(xi+1 + xi), (i = 0 ,..., t - 1) and 0 twice. Since x + 1 # 0, 
x - 1 # 0 and xt = -1 we have every element of GF(p”) as mixed 
difference twice. As mixed differences of class j, j + 2 we find 
ixyi = o,..., t - l), *xi+1 (i = o,..., t - 1) 
and 0 twice, i.e. again all elements of GF(p”) twice. 
The example t = 3 occurs in [2, (7.11.6)]. 
THEOREM 12. Let x be a primitive element of GF(2”) where n >, 3. The 
blocks 
[xii, xj+l, x:$ , x;,‘: , Oj+J, i = 0 ,..., 2” - 2; j = l,..., 5 (mod 5) 
[O, , 0, , 0, , 0, , O,] taken 4 times 
are the base blocks with respect to the additive group of GF(2”) of a 
BD(5.2”, 5; 5.22n - 2”, 5.2” - 1, 4) with e, = 4. 
Proof. As in Theorem 11 it is easily checked that all required differen- 
cesoccur4timesifx # 1,x2 # 1,x3 # 1 whichistrueifn 2 3. 
The example n = 3 occurs in [2, (7.11 .S)]. 
3. SPECIAL CONSTRUCTIONS 
A question which naturally comes up is whether for every set of 
allowable parameters, i.e., those satisfying (I .l 1) to (1.15) there is a PRD. 
We have tried to construct such designs for the values of i in Table I which 
did not come up as examples in Section 2. In 3 cases we succeeded. Each 
of these will be described briefly (also a design PRD 13 different from 
(2.10).) 
Construction qf a PRD 6 
We found only the following complicated design. Let 
0 1 0 0 
&= 0 0 1 0 
0 0 1 0 
0 0 0 1 
Ll 0 0 1, 
58='/15!3-5 
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and let A,+, be obtained from Ai by a cyclic shift to the right of the columns 
(i = 1, 2, 3). Let 
BI = 
B, = 
‘0 1 0 0 
0 1 0 1 
0 1 1 0 
1 0 0 1 
1 0 1 0 
0 0 0 1 
‘0 0 1 0 
1100 
0 1 1 0 
1 0 0 1 
0011 
1 0 0 0, 
7 B, = 
, B,, = 
‘0 0 1 0’ 
0 1 0 1 
1100 
0011 
1 0 1 0 
,I 0 0 0. 
‘0 0 1 0 
0011 
1 0 0 1 
0 1 1 0 
1100 
0 0 0 1 
Let Ei be a matrix of size 6 by 4 with column i a column of l’s and O’s 
elsewhere. Then 
‘1 1 1 1 
1 1 1 1 
El 
E2 
ES 
E4 
1100 
1 0 1 0 
1 0 0 1 
0011 
0 1 0 1 
0 1 1 0 
0 0 0 0 
-- 
-- 
I 
t 
-- 
0 
Al 
A2 
A3 
A4 
1 0 1 0 
0 1 0 1 
0 0 0 0 
1 0 1 0 
0 1 0 1 
0 0 0 0 
1 1 1 1 
-- 
-- 
0 
Bl 
B2 
& 
B4 
0 0 0 0 
0 0 0 0 
1 0 1 0 
0 0 0 0 
0 0 0 0 
0 1 0 1 
0 0 0 0 
(3.1) 
is a PRD 6. 
Construction of a PRD 8 
Let D denote the matrix of order 12 with l’s in positions (i, i + I), 
i=O ,**a> 11 (mod 12). Let 
A=[0,1,2,4,9]mod12=Z+D+D2+D4+D9. 
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Then ATA = 3I+ 2J - 2P. Let 
0 1 0 
c= I 0 0 1 0 1  0 
and define 
c+c2 0 
c+c2 0 c + c2 
I I . 
I C 
I C2 1 
Then BTB = 4I+ J + 4Ds. All column sums in B are 5. Consider the 
39 x 13 matrix [j, B; 0, A21 (in the notation of (2.22)). This matrix has 
all row sums equal to 5. Since BTB + 2ATA = 101 + 5J we have con- 
structed a 
BD(13, 5; 39, 15, 5) = PRD 8. (3.2) 
Construction of a PRD 13 
The design we construct now has the form of (2.47) with 01 and a both 
cyclic. In this case GJ and @ were not obtained from a block design but by 
trial and error. Let 02 = ([0, 1, 31, [0, 1, 51, [0, 1, 812, [0,2, 712, [0, 3, 512 
mod 11) and SS = [0,6, 7,8] mod 11. Consider a design of type (2.47) 
with J of size 6 by 4 and the Ei of size 22 by 4. We find a 
BD(15,4; 105,28, 6) = PRD 13. (3.3) 
Notice that if we had not duplicated the base blocks in the definition of 
a then we would have obtained a = (Hall 92). 
Construction of a PRD 14 
Let F be the 9 by 3 matrix obtained from Z of order 3 by replacing every 
1 by a column of three l’s and every 0 by a column of three 0’s. Let 
c= [ 0 1 0 0 0 1. 1 0 0 I 
TABLE II 
No. in Table I ~1 It Construction 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
3.5 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
8 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
3 
3 
3 
4 
3 
4 
5 
5 
3 
4 
5 
6 
4 
6 
3 
5 
7 
3 
4 
5 
6 
7 
3 
4 
5 
6 
7 
8 
4 
5 
6 
7 
8 
3 
4 
5 
6 
7 
8 
9 
4 
8 
3 
4 
5 
6 
9 
10 
(4.12) in [3] (2.17), (2.23), (2.35) 
(4.6) in 131, (2.1) 
(2.2), (2.36) 
(2.37) 
(2.1) 
(3.1) 
(2.12), (2.18), (2.24) 
(3.2) 
(2.4), (2.21), (2.40), (2.52) 
(2.9), (2.25), (2.43) 
(2.13), (2.26) 
(2.27) 
(2.10), (3.3) 
(3.4) 
(2.34), (2.49) 
(2.28) 
(2.3), (2.38) 
(2.8), (2.39), (2.51) 
solution unknown, cf. (2.33) 
(2.29) 
(2.30) 
(2. I), (2.42) 
(2.11), (2.44) 
(2.14), (2.46) 
cf. [6, p. 491 
(2.6) 
(2.5), (2.16), (2.41), (2.53) 
(2.8), (2.45) 
cf. [6, p. 491 
(2.19), (2.31) 
(2.8) 
(2.1), (2.50) 
(2.7) 
(2.15), (2.20), (2.32) 
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Let J, be J of size 2 by 3 and let J3 be J of size 3 by 3. Finally Ei is of size 
9 by 3. Then 
Jz J, 0 
Js 0 FT 
- 
0 J, FT 
c+-c2 I I 
El F I c+c2 I 
I I c+ c2 
-___ 
I z+ c2 c2 
E, F I C IfC 
CfC2 c C2 
I C-2 I+ C” - 
ES F C+ C2 C2 C 
I z+c c 
(3.4) 
is a BD(15, 6; 35, 14, 6) = PRD 14. Among all PRD’s 
PRD 2 have fewer blocks than this design. 
mly PRD 1 and 
4. SUMMARY OF RESULTS 
In Table II we consider the parameter sets of TabIe I and for each we 
list the constructions of PRD’s with such parameters discussed in this paper. 
When there is no construction mentioned no PRD with those parameters 
is known to the author. Three gaps which were left after Section 2 were 
filled in Section 3 with considerable effort. Despite many attempts no 
PRD 16 was found. 
The construction of PRD 15 in (2.34) filled the only gap left for k = 3 by 
Hanani’s constructions. For k = 4 there is one gap left, namely, o = 45. 
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